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the proton radius puzzle

- inferred from muonic H 

- inferred from electronic H

- extraction from e p, e n scattering, !! NN 
data (this talk)

- previous extractions from e p scattering 
(as tabulated in PDG)

"  formalism for proton/nuclear structure effects in hydrogenic bound states 

"  analyticity and nucleon form factors
"  status of the proton radius puzzle(s)
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A thorny (fun) problem at the interfaces of atomic, nuclear and particle physics.  

comparison of muon anomalies: 

ÒTesting of this result is among the most timely and important measurements  in physics Ó

ÒData from muonic hydrogen are so inconsistent with the other data that they have not been included  in 
the determination of rp and thus do not have an inßuence on R! Ó 

ÒUntil the difference between the e p and !  p values is understood, it does not make much sense to average 
all the values together. For the present, we stick with the less precise (and provisionally suspect) CODATA 
2006 value. It is up to workers in this Þeld to solve this puzzle .Ó- PDG 2011

- CODATA 2010

- -JLab PAC, 2011

A basic problem in the measurement of fundamental parameters (or new physics?)
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signiÞcant interest from multiple perspectives
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Charged current quasielastic scattering: 
basic signal process for neutrino oscillation

Considerable uncertainty and discrepancies in cross section from
"  axial-vector form factor
"  nuclear effects 
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Figure 5: Values of the axial mass parametermA extracted from neutrino scattering experi-
ments, taken from the compilation in [56]. The gray band represents the world average value
from pion electroproduction taken from [57]. The most recent MiniBooNE extraction from
neutrino quasi-elastic data is from [58] and from neutral current neutrino data is from [59].

2.2.3 Non-relativistic e ! ective theory analysis of proton structure

A complete resolution of the discrepancy between the protoncharge radius determined from
muonic hydrogen and from electronic hydrogen or electron-proton scattering may involve
revisiting the bound state analysis. A systematic approachis provided by matching the
QCD/QED problem onto a nonrelativistic Þeld theory, NRQED [32], or onto (Þxed particle
number) quantum mechanics [39, 40, 71]. Elements of this analysis include

¥ IdentiÞcation of the ÒcontactÓ interaction parameters in the NRQED lagrangian that are
determined by particular one-photon exchange and two-photon exchange scattering matrix
elements fore! p ! e! p (or µ! p ! µ! p in the case of muonic hydrogen). Note that matching
onto the e! ective theory does not involve nonperturbative bound state computations.

¥ Careful treatment of the two-photon exchange contributionusing dispersion analysis, with
appropriate subtractions, to isolate the elastic (single proton intermediate state) and inelastic
contributions. Proper deÞnition of ÒZemachÓ moments that parameterize the two-photon
exchange contribution.

10

n p

! e e!

! µ

q2 = 0 is essentially the only relevant shape parameter for current data at Q2 ! 1 GeV2, and
introduce the formalism to systematically account for the impact ofother poorly constrained
shape parameters on the determination ofmA . A related study of the vector form factors of
the nucleon was presented in [9].

The paper is structured as follows. In Section 2 we discuss the application of analyticity
and dispersion relations to the axial-vector form factor of the nucleon. Section 3 presents
results for the extraction of the axial-vector form factor slope from MiniBooNE data. We
illustrate constraints imposed by our analysis on nuclear models, by determining the binding
energy parameter in the Relativistic Fermi Gas (RFG) model. Section4 gives an illustrative
analysis of constraints on the axial mass parameter from pion electroproduction data. Section 5
discusses the implications of our results. For completeness, Appendix A collects formulas for
the RFG nuclear model.

2 Analyticity constraints

This section provides form factor deÞnitions and details of the model-independent parameter-
ization based on analyticity.

2.1 Form factor deÞnitions

The nucleon matrix element of the Standard Model weak charged current is

!p(p!)|J + µ
W |n(p)" # øu(p)(p!)

!
! µF1(q2) +

i
2mN

" µ! q! F2(q2)

+ ! µ! 5FA (q2) +
1

mN
qµ! 5FP (q2)

"
u(n) (p) , (3)

where qµ = p!µ $ pµ, and we have enforced time-reversal invariance and neglected isospin-
violating e! ects as discussed in Appendix A. The vector form factors F1(q2) and F2(q2) can be
related via isospin symmetry to the electromagnetic form factors measured in electron-nucleon
scattering. At low energy, the form factors are normalized asF1(0) = 1, F2(0) = µp $ µn $ 1.
For deÞniteness we take a common nucleon mass,mN % (mp + mn)/ 2. Parameter values
used in the numerical analysis are listed in Table 2. In applications to quasielastic electron- or
muon-neutrino scattering, the impact ofFP is suppressed by powers of the small lepton-nucleon
mass ratio. For our purposes, the pion pole approximation is su" cient,2

FP (q2) &
2m2

N

m2
" $ q2

FA (q2) . (4)

The axial-vector form factor is normalized atq2 = 0 by neutron beta decay (see Table 2).
Our main focus is on determining theq2 dependence ofFA (q2) in the physical region of

2Here and throughout, m! = 140 MeV denotes the pion mass.

2

1 Introduction

High statistics neutrino experiments are probing the hadronic structure of nuclear targets at
accelerator energies with ever greater precision. Extracting theunderlying weak-interaction
parameters, or new physics signals, requires similar precision in the theoretical description of
the strong interactions.

A basic cross section describes the charged-current quasielasticscattering process on the
neutron,

! µ + n ! µ! + p . (1)

Recent evidence indicates a tension between measurements of thisprocess in neutrino scat-
tering at low [1, 2, 3, 4] and high [5] neutrino energies, and between results from neutrino
scattering and results inferred from pion electroproduction [6]. Inparticular, with a com-
monly used dipole ansatz for the axial-vector form factor of the nucleon,

F dipole
A (q2) =

FA (0)
!
1 " q2/ (mdipole

A )2
" 2 . (2)

di! erent experiments have reported values for the so-called axialmass parametermdipole
A .

World averages reported by Bernard et al. [6] Þnd comparable values obtained from neutrino
scattering results prior to 1990,mdipole

A = 1.026± 0.021 GeV, and from pion electroproduction,
mdipole

A = (1 .069" 0.055) ± 0.016 GeV.1 The NOMAD collaboration reports [5] mdipole
A =

1.05± 0.02± 0.06. In contrast, MiniBooNE reports [3]mdipole
A = 1.35± 0.17 GeV, and other

recent results from the K2K SciFi [1], K2K SciBar [7] and MINOS [8] collaborations similarly
Þnd central values higher than the above-mentioned world average. Quasielastic neutrino-
nucleon scattering (1) is a basic signal process in neutrino oscillationstudies. It is essential to
obtain consistency between experiments utilizing di! erent beam energies, and di! erent nuclear
targets.

While a number of e! ects could be causing this tension, we here investigate perhaps the
simplest possibility: that the parameterizations of the axial-vectorform factor in common use
are overly constrained. Such a possibility seems natural, considering that the dipole ansatz
has been found to conßict with electron scattering data for the vector form factors. We do
not o! er new insight on whether other e! ects, such as nuclear modeling, could also be biasing
measurements. However, we point out that by gaining Þrm controlover the nucleon-level
amplitude, such nuclear physics e! ects can be robustly isolated.

The axial mass parameter as introduced in (2) is not well-deÞned, since the true form factor
of the proton does not have a pure dipole behavior. Su" ciently precise measurements forced to
Þt this functional form will necessarily Þnd di! erent values formdipole

A resulting from sensitivity
to di! erent ranges ofq2. Let us deÞnethe axial mass parameter in terms of the form factor
slope atq2 = 0: mA = [ F "

A (0)/ 2FA (0)]! 1/ 2. This deÞnition is model-independent, and allows
us to sensibly address tensions between di! erent measurements.To avoid confusion, whenever
(2) is used we refer to the extracted parameter asmdipole

A . We will show that the slope at

1The di! erence 0.055 is a correction to the conventional representation of the pionelectroproduction am-
plitude, as predicted by heavy baryon chiral perturbation theory [6].

1

quasielastic neutrino scattering,Q2 = ! q2 " 0. As discussed in the Introduction, an expansion
at q2 = 0 deÞnes an Òaxial mass parameterÓmA , via

FA (q2) = FA (0)
!
1 +

2
m2

A
q2 + . . .

"
=# mA $

#
2FA (0)
F !

A (0)
. (5)

Equivalently, we may deÞne an Òaxial radiusÓrA , via

FA (q2) = FA (0)
!
1 +

r 2
A

6
q2 + . . .

"
=# rA $

#
6F !

A (0)
FA (0)

. (6)

The factors appearing in (5) and (6) are purely conventional, motivated by the dipole ansatz
(2), and by the analogous charge-radius deÞnition for the vectorform factors. Asymptotically,
perturbative QCD predicts [10, 11] a% 1/Q 4 scaling, up to logarithms, for the axial-vector
form factor. However, the regionQ2 ! 1 GeV2 is far from asymptotic, and the functional
dependence ofFA (q2) remains poorly constrained at accessible neutrino energies.

2.2 Analyticity

! Q2
max 9m2

!

t z

Figure 1: Conformal mapping of the cut plane to the unit circle.

We proceed along lines similar to the vector form factor analysis in [9]. Recall the dispersion
relation for the form factor,

FA (t) =
1
!

$ "

tcut

dt! ImFA (t! + i0)
t! ! t

, (7)

where t $ q2 and the integral starts at the three-pion cut, tcut = 9m2
! . We can make use

of this model-independent knowledge by noticing that the separation between the singular
region, t " tcut , and the kinematically allowed physical region,t & 0, implies the existence of
a small expansion parameter,|z| < 1. As illustrated in Fig. 1, by a standard transformation,
we map the domain of analyticity onto the unit circle in such a way that the physical region
is mapped onto an interval:

z(t, t cut , t0) =
'

tcut ! t !
'

tcut ! t0'
tcut ! t +

'
tcut ! t0

, (8)
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FIG. 15: (Color online). Flux-unfolded MiniBooNE ! µ CCQE
cross section per neutron as a function of neutrino energy. In
(a), shape errors are shown as shaded boxes along with the
total errors as bars. In (b), a larger energy range is shown
along with results from the LSND [56] and NOMAD [10] ex-
periments. Also shown are predictions from the nuance sim-
ulation for an RFG model with two di ! erent parameter vari-
ations and for scattering from free nucleons with the world-
averageM A value. Numerical values are provided in Table X
in the Appendix.

CCQE parameters underpredicts the measured di! eren-
tial cross section values by 20! 30%, while the model
using the CCQE parameters extracted from this shape
analysis are within " 8% of the data, consistent within
the normalization error (" 10%). To further illustrate
this, the model calculation with the CCQE parameters
from this analysis scaled by 1.08 is also plotted and shown
to be in good agreement with the data.

C. Flux-unfolded CCQE cross section as a function
of neutrino energy

The ßux-unfolded CCQE cross section per neutron,
! [E QE,RF G

! ], as a function of the true neutrino energy,
E QE,RF G

! , is shown in Figure 15. These numerical values
are tabulated in Table X in the Appendix. The quantity
E QE,RF G

! is a (model-dependent) estimate of the neu-
trino energy obtained after correcting for both detector
and nuclear model resolution e! ects. These results de-
pend on the details of the nuclear model used for the cal-
culation. The dependence is only weak in the peak of the
ßux distribution but becomes strong for E! < 0.5 GeV
and E! > 1.2 GeV, i.e., in the ÒtailsÓ of the ßux distri-
bution.

In Figure 15, the data are compared with thenuance
implementation of the RFG model with the world average
parameter values, (M e!

A = 1 .03 GeV, " = 1 .000) and
with the parameters extracted from this work (M e!

A =
1.35 GeV, " = 1 .007). These are absolute predictions
from the model (not scaled or renormalized). At the

source normalization error (%)

neutrino ßux prediction 8 .66
background cross sections 4.32
detector model 4.60
kinematic unfolding procedure 0.60
statistics 0.26

total 10.7

TABLE IV: Contribution to the total normalization uncer-
tainty from each of the various systematic error categories.

average energy of the MiniBooNE ßux (" 800 MeV), the
extracted cross section is" 30% larger than the RFG
model prediction with world average parameter values.
The RFG model, with parameter values extracted from
the shape-onlyÞt to this data better reproduces the data
over the entire measured energy range.

Figure 15(b) shows these CCQE results together with
those from the LSND [56] and NOMAD [10] experiments.
It is interesting to note that the NOMAD results are bet-
ter described with the world-averageM e!

A and " values.
Also shown for comparison in Fig. 15(b) is the predicted
cross section assuming the CCQE interaction occurs on
free nucleons with the world-averageM A value. The cross
sections reported here exceed the free nucleon value for
E! above 0.7 GeV.

D. Error Summary

As described in Section IV E, (correlated) systematic
and statistical errors are propagated to the Þnal results.
These errors are separated into normalization and shape
uncertainties. The contributions from each error source
on the total normalization uncertainty are summarized
in Table IV. As is evident, the neutrino ßux uncer-
tainty dominates the overall normalization error on the
extracted CCQE cross sections. However, the uncer-
tainty on the ßux prediction is a smaller contribution
to the shape error on the cross sections. This can be
seen in Figure 16 which shows the contribution from the
four major sources to the shape error on the total (ßux-
unfolded) cross section.

The detector model uncertainty dominates the shape
error, especially at low and high energies. This is because
errors in the detector response (mainly via uncertain-
ties in visible photon processes) will result in errors on
the reconstructed energy. These errors grow in the tails
of the neutrino ßux distribution due to feed-down from
events in the ßux peak. This type of measurement usu-
ally has large errors due to non-negligible uncertainties
in the CC1#+ background predictions. In this measure-
ment, that error is reduced through direct measurement
of the CC1#+ background. However, this error is not
completely eliminated due to the residual uncertainty on
the rate of intranuclear pion absorption that is included.

aside: proton axial radius puzzle

Both are essential to the interpretation of neutrino oscillation studies
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progress in theoretical tools: 

"  z expansion and dispersive analysis 

"  high orders of NRQED

- deÞne the charge radius and other proton structure corrections   
  in presence of radiative corrections 

- model independent spectroscopic predictions in terms of 
  scattering data

- free gift from Þeld theory to analyze scattering data

- wide range of applications: EM form factors, 
  neutrino scattering, meson transitions, ...  
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NRQED and proton structure

proton structure appears as non-pointlike values for Wilson coefÞcients

"  matching performed by computation, or comparison to experiment

energy, momenta << M: integrate out M [Caswell, Lepage 1986]

L NRQED = !  
p

!
iD t +

D 2

2mp
+

D 4

8m3
p

+ á á á+ cF
e! áB
2mp

+ cD
e(D áE ! E áD )

8m2
p

+ cS
ie! á(D " E ! E " D )

8m2
p

+ cA 1e2 B 2 ! E 2

8m3
p

! cA 2e2 E 2

16m3
p

+ . . .
"

! p + !  
µ

#
iD t + . . .

$
! µ +

d2

mµ mp
!  

p! p!  
µ ! µ + . . .

ø! , ø" ?

"  relativistic invariance (inÞnite dimensional realization of Poincare) implies constraints 
on coefÞcients:  cS = 2 cF - 1 , etc.  

"  muonic hydrogen Lamb shift: need cD  through O(( ) , d2 through O(( 2)

µp r p
E
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NRQED part (1): vertex corrections
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Figure 1: NRQED virtual vertex corrections.
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øu(k !)[F1! 0 + . . . ]u(k )
ie ! ie

8M 2 |k ! ! k |2 ! e
4M 2 k ! " k á!

+ + + ...cD cS

!k!|J µ
e.m. |k" = øu(k!)

!
! µ F1(q2) +

i
2M

F2(q2)" µ ! q!

"
u(k)

GE = F1 +
q2

4M 2 F2

GM = F1 + F2
GM (0) = µp ! 2.793

GE (0) = 1

Convenient to work in terms of Sachs basis: 

cD = 1 + 8 G!
E (0) ! 1 +

4
3

r 2
E

At tree level, 
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Need cD correct to O(( ): 

"  Need to extrapolate to Q2=0 to Þnd slope, and hence cD 

G!
E (0) !

1
6

(r p
E )2 +

!
3" m2

p
log

mp

#

DeÞnes rE in presence of radiative corrections 

"  can extract from/compare to electronic hydrogen 

(or equivalent IR Þnite observable)

"  Assume that two-photon exchange can be reliably subtracted 
(more later)

"  can extract from measured electron-proton scattering data 

"  must use same deÞnition in comparison to hydrogen data 
(more later)
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analyticity and form factor constraints

What functional form to use in extrapolating to Q2=0 ?

fundamental problem: need larger Q2 to increase statistics 
but then introduce sensitivity to more parameters (need 
even more statistics, ...)

GE = 1 + a1q2 + a2q4 + . . .

GE =
1

1 + a1
q2

1+ a2
q2

1+ ...

radius of convergence < 4 m! 2

no control on parameters

[Simon et al 1980]

[Sick 2003]
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- extended to complex values of t=q2, form factor is 
analytic outside cut in t plane 

analyticity:

z(t, t cut , t0) =
!

tcut " t "
!

tcut " t0!
tcut " t +

!
tcut " t0

- sums simple Taylor expansion, ensuring convergence 
through entire physical range  

point mapping to z=0
(scheme choice)

4m! 2 (isovector channel)
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- basic idea: small expansion parameter (z), order unity expansion coefÞcients 

techniques familiar from meson transition 
form factors, e.g.  B)!
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Figure 6: TheB ! ! form factor F+ plotted in terms of the q2 variable (left) and z variable
(right). Data are from [60]. Plots are reproduced from [61].
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Figure 7: The proton form factor GE plotted in terms of the Q2 variable (left) and the z
variable (right). Data are from [62]. Plots are reproduced from [43].

¥ Comparison to the complete range of hydrogen and muonic hydrogen observables.

¥ Possible extension to parity-violating atomic observables. The e! ective theory analysis
systematizes ÒCoulomb subtractionsÓ that may appear ad hocin more phenomenological
treatments [72].

2.2.4 Precision measurements: impact and relation to previ ous work

The PIÕs research has contributed to the improved determination of several fundamental
parameters. These include:

¥ r p
E , the mean-square charge radius of the proton, using isospindecomposition and analyt-

icity of electron-nucleon scattering amplitudes [43].
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11

)

- in fact, a little better, since can show 

G(q2) =
!!

n =0

an z(q2)n

!!

n =0

a2
n < ! <z an smaller for large n

[Bourrely et al 1981]

[Boyd, Grinstein, Lebed 1995]

[Lellouch et al 1996]

[Arnesen et al 2005]

[Becher, Hill 2006] ....
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- a form factor not in this class is in violation of QCD; conversely, stronger constraints require 
more knowledge (that should be made explicit)



For the cognoscenti, the real power of the expansion is based on observation of O(1) 
coefÞcients, not unitarity bounds.   Example from K)!  vector form factor 

2

Crossing symmetry and form factor bounds.It is impor-
tant in practice to determine whether large Òorder unityÓ
coe! cients ak /a 0 could upset the formal power counting
in z. To address this question, a norm may be deÞned
via

||F ||2 !
!!

k=0

a2
k =

1
2! i

"
dz
z

|" F |2

=
1
!

# !

t +

dt
t " t0

$
t+ " t0

t " t+
|" F |2 . (4)

By crossing symmetry, the norm can be evaluated using
form factors for the related process ofK ! production.
The following sections investigate bounds on the integral
appearing on the right hand side of (4).

II. VECTOR FORM FACTOR CONSTRAINTS

To compare with unitarity predictions, and to motivate
a choice of" in (3), we consider the correlation function,

" µ ! (q) ! i
#

d4x eiq áx #0|T
%

V µ (x)V ! (0)  &
|0$

= ( " gµ! q2 + qµ q! )" 1(q2) + qµ q! " 0(q2) . (5)

An unsubtracted dispersion relation can be written for
the quantity: ( Q2 = " q2)

#1(Q2) !
1
2

$2

$(q2)2

'
q2" 1

(
=

1
!

# !

0
dt

tIm" 1(t)
(t + Q2)3 . (6)

Assuming isospin symmetry, the contribution of all K !
states to the (positive) spectral function Im" 1(t) is

3
2

1
48!

[(t " t+ )( t " t " )]3/ 2

t3 |F+ (t)|2%(t " t+ ) % Im" 1(t) .

(7)
Choosing: [note that |z| = 1 along the contour in (4) ]

" F+ (t, t 0, Q2) =

$
1

32!
z(t, 0)

" t

)
z(t, " Q2)
" Q2 " t

* 3/ 2

&
)

z(t, t 0)
t0 " t

* " 1/ 2 )
z(t, t " )
t " " t

* " 3/ 4 t+ " t
(t+ " t0)1/ 4

, (8)

then yields the inequality: [23] [note that a0(t0, Q2) =
" (t0, t0, Q2)F (t0)]

A2
F+

(t0, Q2) !
!!

k=0

a2
k

a2
0

%
#1(Q2)

|" F+ (t0, t0, Q2)F+ (t0)|2
. (9)

For Q ' # QCD , #1(Q2) can be reliably calculated using
the OPE in (5). Collecting results from the literature [11,
12], we have at renormalization scaleµ = Q: [24]

#1(Q2) =
1

8! 2Q2

+
1 +

&s

!
" 0.062&2

s " 0.162&3
s + . . .

+
1

Q2

,
"

3
2

m2
s + . . .

-
(10)

+
8! 2

Q4

,
" ms#øuu$ "

&s

12!
#G2$+ . . .

-
+ . . .

.
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FIG. 1: Bounds on the expansion coe! cients for the vector
form factor. The top (light) band represents the unitarity
bound, and the lower (dark) band is a direct evaluation from !
decay and perturbative QCD. The perturbative contribution
is shown separately as the dashed line.
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FIG. 2: Bounds on AF + in (9), as a function of t0 . The
dashed lines are for the default choice of " F + in (8), with
Q = 0 (top) and Q = 10 GeV (bottom). The solid band gives
the (Q-independent) result when " F + ! 1.

where corrections of order mu /m s are neglected,
and ms(2 GeV) = 0 .087(8) GeV [13], " ms#øuu$ "
&s#G2$/ 12! = " 0.0001(8)GeV4 [14]. The light band
in Fig. 1 shows the resulting bound on the quantity
AF+ (t0, Q2), setting t0 = 0 and F+ (0) ( 1. The per-
turbative uncertainty is estimated by varying µ2 from
Q2/ 2 to 2Q2, and allowing for higher-order contributions
of relative size± 1& &4

s . Uncertainties from perturbative
and power corrections are small aboveQ = 2 GeV, but
become signiÞcant below this scale. The width of the
band represents a 1' contour obtained by adding uncer-
tainties in perturbative and power corrections linearly.

A =

!
"

k

a2
k

a2
0

actual size of A 
(measured %) K!* )

unitarity bound on A  (require exclusive rate< inclusive rate)

scheme choice to evaluate OPE for inclusive 
rate

<z Unitarity bound either uncertain (low Q) or overestimates bound (high Q) 

For nucleon form factors, unitarity even less relevant, as dominant dispersive contribution to 
form factors is from states below NN threshold

[RJH PRD 2006]
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- study of vector dominance models, !!  approximation to isovector form 
factors: expect O(1) is really order 1 (e.g. not 10)

)2(GeV2Q
0 0.1 0.2 0.3 0.4 0.5

 p E
G

0.2

0.4

0.6

0.8

1

z
0 0.1 0.2 0.3 0.4

 p E
G

0.2

0.4

0.6

0.8

1

- more concretely, Þts to data yield 

a0 ! 1 , a1 = " 1.01(6) , a2 = " 1.4+1 .1
! 0.7 , a3 = 2 +2

! 6

- to assign error, constrain coefÞcients <5 (conservative) or 
<10 (very conservative)
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results: proton scattering data

j! akj & 0:011! 0:004 for the proton, and j! akj &
0:013! 0:025 for the neutron. We conclude that when
estimating the bounds on coefÞcients, the physical timelike
region can be safely neglected.

Let us mention that we can bound the contribution of the
physical timelike region by a perturbative quark-level
computation. Decompose the electromagnetic current cor-
relation function as

! "# "q# $ i
Z

d4xeiq%xh0jTfJ"
em"x#; J#

em"0#gj0i

$ " q" q# & q2g"# #! "q2#; (27)

and deÞne

$"Q2
OPE# $

1
2

@2

@"q2#2 "q2! "q2##jq2$& Q2
OPE

$
1
%

Z 1

t0
dt

tIm! "t#
"t ! Q2

OPE#
3 : (28)

The two-nucleon contribution to the correlator satisÞes

Im ! "t# '
m2

N

6%t

!!!!!!!!!!!!!!!!!!!

1 &
4m2

N

t

s

j&GEj2; (29)

and hence with&GE $
P

kakzk and the choice of& in (23),

$"Q2
OPE# '

1
%

Z 1

4m2
N

dt
t & t0

!!!!!!!!!!!!!!!!!
tcut & t0

t & tcut

s

( j&GEj2 ' ! k&GEk2
2: (30)

If we chooseQ2
OPE large enough, the function$"Q2

OPE#is
perturbatively calculable as an operator product expansion:
$ )

P
f e2

f =8%2Q2
OPEat leading order, whereef denotes the

electric charge of a given quark ßavor. Choosing for
illustration Q2

OPE $ 1 GeV2, nf $ 3 light quark ßavors,
andtcut $ 4m2

%, we Þnd the bounds! "
P

ka2
k# * " 1:0#2 for

t0 $ 0 and ! "
P

ka
2
k=a2

0# * " 1:4#2 for t0 $ topt
0 "0:5 GeV2#.

We note that these ÔÔunitarity boundsÕÕ overestimate the
contribution from the physical regiont ' 4m2

N, due both
to subthreshold resonance production, and to other chan-
nels, e.g.,N "N plus pions, above threshold. For this reason,
we do not dwell on a more precise analysis of this bound, or
on a separation into deÞnite isospin channels.

IV. PROTON CHARGE RADIUS EXTRACTION

We consider several possibilities to reduce the error bars
for the proton charge radius extracted in Sec.II . We Þrst
consider the inclusion of higher-Q2 data. We then optimize
the charge radius extraction by separating isoscalar and
isovector components, recognizing that the isoscalar thresh-
old is at9m2

%. At the same time, we illustrate the (small)
effect of different expansion schemes. Finally, we consider
the possibility to effectively raise the isovector threshold by
constraining the spectral function between4m2

% and16m2
%.

A. Including higher Q2 data

We have argued that, taking the data tabulated in
[18] at face value, the Þnal entry in TableI is a model-
independent determination of the proton charge radius:
rp

E $ 0:878! 0:039
& 0:062 fm. In the absence of further model-

independent constraints on the form factors, obtaining a
proton charge radius with smaller error requires further
experimental input. Here we investigate the impact of
higher-Q2 proton scattering data.

Figure3 shows the central value and1' (# $2 $ 1) error
band obtained by Þtting the electron-proton scattering
data compiled by Arringtonet al. [34]. We take& $ 1
andt0 $ 0, and include as many coefÞcientsak as neces-
sary for the Þts to stabilize. As the Þgure illustrates, for
Q2 * few ( 0:1 GeV2 the impact of additional data is
minimal. While an ever greater number of coefÞcientsak
at higherk must be included to obtain convergence, the
total error on the slope atQ2 $ 0 is not reduced. For later
use, we note that the coefÞcientsak$ 1;2;3 extracted from the
Þt atQ2

max $ 1 GeV2 are& 1:01"6#, & 1:4! 1:1
& 0:7, 2! 2

& 6.

B. Raising the isoscalar threshold:
inclusion of neutron data

We can separate the isoscalar from the isovector form
factor, making use of the fact that the isoscalar cut is
further away fromt $ 0 than the isovector cut, translating
to a smaller value ofjzjmax as discussed in the Introduction.
A combined Þt of proton and neutron data can then be
performed. For the proton form factor we again use the
data from [34]. For the neutron electric form factor, we use
20 data points from [35Ð46]. We take as additional input
the neutron charge radius from neutron-electron scattering
length measurements [5]:

hr2i n
E $ & 0:1161"22#fm2: (31)

TableIII shows the effect of different expansion schemes
(choices of & and t0) and coefÞcient bounds on the
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FIG. 3. Variation of the Þtted proton charge radius as a func-
tion of maximumQ2. Fits of the proton data were performed
with kmax $ 10, & $ 1, t0 $ 0, jakj + 10. Data are from [34].
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maximum Q2

- larger Q2 range: sensitive to more 
coefÞcients in expansion, but doesnÕt 
improve slope at Q2=0

r p
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- isoscalar threshold is actually higher ( 9m! 2 vs 4 m! 2 )

results: proton + neutron scattering data

- higher threshold <z smaller z <z stronger constraints

- use combined Þt of proton and neutron data to 
decompose isoscalar and isovector 
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results: proton + neutron scattering data, and !!) N„ 
data

form-factor slope determination. For later use, the coefÞ-
cientsak! 1;2;3 extracted from the Þt forQ2

max ! 1 GeV2,
! ! 1, t0 ! 0, and kmax ! 8 are " 1:99# 0:13

" 0:12, 0:3# 1:5
" 1:9,

" 2# 9
" 6 for the isoscalar channel; and" 1:20# 0:06

" 0:05,
" 0:6# 1:3

" 1:2, " 2# 6
" 7 for the isovector channel. The sign and

approximate magnitude of the Þrst coefÞcients agree with
the "" continuum model, and the narrow-width! reso-
nance model mentioned in Sec.III D .

C. Raising the isovector threshold: inclusion of!! data

We can effectively raise the isovector threshold by in-
cluding the"" continuum explicitly, as constrained by""
production and"" ! N !N data:

G$1%
E $t% ! Gcut$t% #

X

k

akzk$t; tcut ! 16m2
" ; t0%; (32)

whereGcut$t%is generated by (21) for 4m2
" < t < 16m2

" .
For jF" $t%j we take the fourt values close to production
threshold from [26] (0:101to 0:178 GeV2), and 12t values
from [27] (0.185 to 0:314 GeV2). The product of the
remaining kinematic factor andf 1

# from [28] is interpo-
lated to the appropriatet value, and the integral computed
as a discrete sum. Using coarser bin size (e.g. 8 instead of
16 bins) has no signiÞcant effect, indicating that discreti-
zation error is small. Estimating the remaining coefÞcients
by modeling the"" continuum contribution for16m2

" &
t & 40m2

" using (15) and (21) at ! ! 1 andt0 ! 0 gives
coefÞcients a1 ' " 4:5, a2 ' 2:2, a3 ' 2:1. Setting
j sin$k#%j in (15) yields jakj & 5:0 for the remaining con-
tribution of the"" continuum in this model.

We Þt using the same proton and neutron data as in
Sec.IV B. The resulting Þt coefÞcientsak! 1;2;3 for Q2

max !
1 GeV2, ! ! 1, t0 ! 0, and kmax ! 8 are " 1:93$6%,
" 0:5# 1:1

" 1:3, 2 ( 7 for the isoscalar form factor; and

" 3:40# 0:09
" 0:10, 3:7# 1:7

" 1:3, 3# 5
" 10 for the isovector form factor.

The sign and approximate magnitude of the Þrst coefÞ-
cients agree with the remaining"" continuum model
discussed above in the isovector case; and with the!
pole model discussed at the end of Sec.III D for the
isoscalar case. The sizable contribution of the isovector
ak! 1 in this scheme can be traced to the residual effects of
the "" continuum, including the$ peak, near the higher
threshold. With no loss of model independence, we can
replaceGcut$t%above with a newGcut$t%generated by (21)
for 4m2

" < t < 40m2
" , i.e., with the"" continuum mod-

eled to largert. The valuetcut ! 16m2
" remains the same.

We emphasize that this does not introduce a model depen-
dence, as any discrepancy betweenGcut$t%and the true
"" continuum is accounted for by parameters in thez

TABLE III. The rms charge radius extracted using electron-proton and electron-neutron scattering data, and different schemes
presented in the text. The neutron form-factor slope is constrained using (31). A cut Q2

max ! 0:5 GeV2 is enforced. In the lower part of
the table, the bounds on

P
ka

2
k from TableII are multiplied by4. ! VMD and! OPE are deÞned in Eqs. (22) and (23).

kmax ! 2 3 4 5 6

! ! 1, t0 ! 0, jakj & 10 888# 5
" 5 865# 11

" 11 888# 17
" 22 882# 21

" 22 878# 20
" 19

%2 ! 33:67 23.65 21.80 21.13 20.47

! ! 1, t0 ! 0, jakj & 5 888# 5
" 5 865# 11

" 11 881# 10
" 16 885# 16

" 21 882# 18
" 20

%2 ! 33:67 23.65 21.95 21.46 21.06

! ! ! VMD , t0 ! 0, jakj & 10 865# 6
" 6 874# 12

" 13 884# 23
" 24 879# 24

# 22 877# 22
" 20

%2 ! 23:26 22.50 22.15 21.59 21.09

! ! 1, t0 ! 0 888# 5
" 5 865# 11

" 11 880# 13
" 16 882# 14

" 18 882# 15
" 18

%2 ! 33:67 23.65 22.07 21.45 21.18

! ! ! OPE, t0 ! 0 904# 5
" 5 861# 10

" 11 888# 14
" 21 883# 20

" 20 881# 20
" 19

%2 ! 61:34 24.38 21.62 20.86 20.51

! ! ! OPE, t0 ! topt
0 $0:5 GeV2% 912# 5

" 5 869# 9
" 9 887# 18

" 19 881# 20
" 19 880# 20

" 19

%2 ! 93:69 22.54 21.05 20.32 20.32
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FIG. 4. Variation of the Þtted proton charge radius as a func-
tion of maximumQ2. Fits were performed including proton data,
neutron data, and the"" continuum contribution to the isovector
spectral function, as detailed in the text. Fits were performed
with kmax ! 8, ! ! 1, t0 ! 0, jakj & 10.
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- in isovector channel, only !!  states contribute below 16m! 2

D. Explicit !! continuum

We can be more explicit in the case of the isovector
form-factor expansion, where the leading singularities are
due to !! continuum contributions that are in principle
constrained by measured!! production and!! ! N !N
annihilation rates [6,23,25]:

Im G!1"
E !t" #

2
mN

!!
t

p !t=4 $ m2
! "3=2F! !t"%f 1

& !t"; (21)

whereF! !t" is the pion form factor (normalized according
to F! !0" # 1) andf 1

& !t" is a partial amplitude for!! !
N !N. Using that these quantities share the same phase [25],
we may substitute absolute values. Strictly speaking, this
relation holds up to the four-pion threshold,t ' 16m2

! .
For the purposes of estimating coefÞcient bounds, we
will take the extension of (21) assuming phase equality
through the" peak as a model for the total!! continuum
contribution.

For jF! !t"j we take an interpolation using the fourt
values close to production threshold from [26] (0.101 to
0:178 GeV2), and 43 t values from [27] (0.185 to
0:94 GeV2). Values forf 1

& !t" are taken from Table 2.4.6.1
of [28]. Evaluating (15) using (21) and the experimental
data up tot # 0:8 GeV2 ( 40m2

! yields for the Þrst few
coefÞcients, at# # 1 and t0 # 0: a0 ( 2:1 a1 ( $ 1:4,
a2 ( $ 1:6, a3 ( $ 0:9, a4 ( 0:2. Using j sin!k$"j ' 1 in
the integral givesjakj & 2:0 for k ) 1.

The leading singularities in the isoscalar channel could
in principle be analyzed using data for the3! continuum.
Since we do not attempt to raise the isoscalar threshold in
our analysis, we content ourselves with a simple vector
dominance model to estimate the coefÞcient bounds.
The Þrst few coefÞcients for the isoscalar form factor using
(20) for a narrow! resonance are:a0 # 1, a1 ( $ 1:2,
a2 ( $ 0:96, a3 ( 0:4, a4 ( 1:3. We will compare the
above values to those extracted from electron scattering
data later. For the moment we note that a boundjakj ' 10
is conservative.

E. Choice of"

Let us return to the choice of# . We will consider three
essentially different choices. First,# !t" # 1 is our default
choice. We noted that for# # 1 the dominant contribu-
tions to k# Gk2 are from narrow resonances. We could
negate the large contribution of the leading resonances
by using for# the inverse of a vector meson dominance
(VMD) form factor. As a second choice, consider

# VMD!t" # ! m2
V $ t"=m2

V; (22)

where mV is the mass of the leading resonance in
the appropriate channel, i.e.," !770" for the isovector,
! !780" for the isoscalar. Note that usingGE * 1=t2 at
larget, the dispersion integral remains convergent. There
is no loss of model independence here, since corrections to
vector dominance are accounted for in the coefÞcientsak.

As discussed in Sec.III F, a third choice of# is motivated
by unitarity and an operator product expansion (OPE):

# OPE!t" #
mN!!!!!!!
6!

p
!tcut $ t"1=4

!tcut $ t0"1=4

+
"
z!t; tcut; 0"

$ t

#
1=4

"
z!t; tcut; t0"

t0 $ t

#
$! 1=2"

+
"
z!t; tcut; $ Q2

OPE"
$ Q2

OPE$ t

#
3=2

!4m2
N $ t"1=4; (23)

wheretcut is appropriate to the chosen isospin channel. For
deÞniteness, we chooseQ2

OPE # 1 GeV2 in the unitarity-
inspired# . In our Þnal Þts, we focus on# # 1 andt0 # 0
but demonstrate that the results are essentially unchanged
for different choices.

F. Bounds on the regiont ) 4m2
N

The contribution of the physical regiont ) 4m2
N to

k# GEk2 is

%k# GEk2
2 #

1
!

Z 1

4m2
N

dt
t $ t0

!!!!!!!!!!!!!!!!!
tcut $ t0

t $ tcut

s

j# GEj2: (24)

The cross section fore& e$ ! N !N is [29]

&!t" #
4!' 2

3t

!!!!!!!!!!!!!!!!!!

1$
4m2

N

t

s $
jGM!t"j2&

2m2
N

t
jGE!t"j2

%
; (25)

and thus for the proton electric form factor we have

%k# Gp
Ek2

2 #
1
!

Z 1

4m2
N

dt
t $ t0

!!!!!!!!!!!!!!!!!
tcut $ t0

t $ tcut

s

j# j2

+
"

&!t"
&0!t"v!t"

1
jGM=GEj2 & 2m2

N=t

#
; (26)

where&0 # 4!' 2=3t andv!t" #
!!!!!!!!!!!!!!!!!!!!!!!
1 $ 4m2

N=t
q

is the nu-
cleon velocity in the center-of-mass frame. Using the data
from [30] (see also [31,32]), we can perform the integral
from t # 4:0 GeV2 to 9:4 GeV2 assumingjGp

M=Gp
Ej & 1.7

At t0 # 0 and# # 1, we Þnd the result%kGp
Ek2

2 & !0:03"2,
to be added to the contribution fromt ' 4m2

N. This result is
obtained by using for&!t" the measured central value plus
1& error. The remaining integral abovet # 9:4 GeV2 can
be conservatively estimated by assuming a constant form
factor beyond this point, yielding an additional%kGp

Ek2
2 (

!0:008"2. The neutron form factor can be treated similarly
using the data from [33] for t # 3:61 to 5:95 GeV2.
This leads to%kGn

Ek2
2 ( ! 0:05"2. The remainder at hight

assuming a constant form factor yields an additional
%kGn

Ek2
2 ( ! 0:05"2. Similarly, usingjImGE sink$j ' j GEj

the contribution of the timelike region to (15) is small:

7For jGM=GEj ) 1, the quantity in square brackets in (26) is
bounded by the quantity denoted byjGj2 in [30]. This inequality
is satisÞed experimentally in thet range of interest.
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pion form factor
partial amplitude 
for !!) N„

- effectively raise the isovector threshold (<zsmaller z) by 

including this contribution explicitly 

[Hohler, Pietarinen 1975]
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results: proton + neutron scattering data, and !!) N„ 
data

form-factor slope determination. For later use, the coefÞ-
cientsak! 1;2;3 extracted from the Þt forQ2

max ! 1 GeV2,
! ! 1, t0 ! 0, and kmax ! 8 are " 1:99# 0:13

" 0:12, 0:3# 1:5
" 1:9,

" 2# 9
" 6 for the isoscalar channel; and" 1:20# 0:06

" 0:05,
" 0:6# 1:3

" 1:2, " 2# 6
" 7 for the isovector channel. The sign and

approximate magnitude of the Þrst coefÞcients agree with
the "" continuum model, and the narrow-width! reso-
nance model mentioned in Sec.III D .

C. Raising the isovector threshold: inclusion of!! data

We can effectively raise the isovector threshold by in-
cluding the"" continuum explicitly, as constrained by""
production and"" ! N !N data:

G$1%
E $t% ! Gcut$t% #

X

k

akzk$t; tcut ! 16m2
" ; t0%; (32)

whereGcut$t%is generated by (21) for 4m2
" < t < 16m2

" .
For jF" $t%j we take the fourt values close to production
threshold from [26] (0:101to 0:178 GeV2), and 12t values
from [27] (0.185 to 0:314 GeV2). The product of the
remaining kinematic factor andf 1

# from [28] is interpo-
lated to the appropriatet value, and the integral computed
as a discrete sum. Using coarser bin size (e.g. 8 instead of
16 bins) has no signiÞcant effect, indicating that discreti-
zation error is small. Estimating the remaining coefÞcients
by modeling the"" continuum contribution for16m2

" &
t & 40m2

" using (15) and (21) at ! ! 1 andt0 ! 0 gives
coefÞcients a1 ' " 4:5, a2 ' 2:2, a3 ' 2:1. Setting
j sin$k#%j in (15) yields jakj & 5:0 for the remaining con-
tribution of the"" continuum in this model.

We Þt using the same proton and neutron data as in
Sec.IV B. The resulting Þt coefÞcientsak! 1;2;3 for Q2

max !
1 GeV2, ! ! 1, t0 ! 0, and kmax ! 8 are " 1:93$6%,
" 0:5# 1:1

" 1:3, 2 ( 7 for the isoscalar form factor; and

" 3:40# 0:09
" 0:10, 3:7# 1:7

" 1:3, 3# 5
" 10 for the isovector form factor.

The sign and approximate magnitude of the Þrst coefÞ-
cients agree with the remaining"" continuum model
discussed above in the isovector case; and with the!
pole model discussed at the end of Sec.III D for the
isoscalar case. The sizable contribution of the isovector
ak! 1 in this scheme can be traced to the residual effects of
the "" continuum, including the$ peak, near the higher
threshold. With no loss of model independence, we can
replaceGcut$t%above with a newGcut$t%generated by (21)
for 4m2

" < t < 40m2
" , i.e., with the"" continuum mod-

eled to largert. The valuetcut ! 16m2
" remains the same.

We emphasize that this does not introduce a model depen-
dence, as any discrepancy betweenGcut$t%and the true
"" continuum is accounted for by parameters in thez

TABLE III. The rms charge radius extracted using electron-proton and electron-neutron scattering data, and different schemes
presented in the text. The neutron form-factor slope is constrained using (31). A cut Q2

max ! 0:5 GeV2 is enforced. In the lower part of
the table, the bounds on

P
ka

2
k from TableII are multiplied by4. ! VMD and! OPE are deÞned in Eqs. (22) and (23).

kmax ! 2 3 4 5 6

! ! 1, t0 ! 0, jakj & 10 888# 5
" 5 865# 11

" 11 888# 17
" 22 882# 21

" 22 878# 20
" 19

%2 ! 33:67 23.65 21.80 21.13 20.47

! ! 1, t0 ! 0, jakj & 5 888# 5
" 5 865# 11

" 11 881# 10
" 16 885# 16

" 21 882# 18
" 20

%2 ! 33:67 23.65 21.95 21.46 21.06

! ! ! VMD , t0 ! 0, jakj & 10 865# 6
" 6 874# 12

" 13 884# 23
" 24 879# 24

# 22 877# 22
" 20

%2 ! 23:26 22.50 22.15 21.59 21.09

! ! 1, t0 ! 0 888# 5
" 5 865# 11

" 11 880# 13
" 16 882# 14

" 18 882# 15
" 18

%2 ! 33:67 23.65 22.07 21.45 21.18

! ! ! OPE, t0 ! 0 904# 5
" 5 861# 10

" 11 888# 14
" 21 883# 20

" 20 881# 20
" 19

%2 ! 61:34 24.38 21.62 20.86 20.51

! ! ! OPE, t0 ! topt
0 $0:5 GeV2% 912# 5

" 5 869# 9
" 9 887# 18

" 19 881# 20
" 19 880# 20

" 19

%2 ! 93:69 22.54 21.05 20.32 20.32
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FIG. 4. Variation of the Þtted proton charge radius as a func-
tion of maximumQ2. Fits were performed including proton data,
neutron data, and the"" continuum contribution to the isovector
spectral function, as detailed in the text. Fits were performed
with kmax ! 8, ! ! 1, t0 ! 0, jakj & 10.
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r p
E = 0 .871± 0.009± 0.002± 0.002 fm

expt shape: 
|a|<5) |a|<10

normalization error for 
!!  continuum (30%)

- consistent results for rE using 
proton, proton+neutron, proton
+neutron+!! , different Q2 ranges
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Figure 4: Values of the proton charge radius extracted from muonic hydrogen (circle and
vertical band); electronic hydrogen (green triangles); electron scattering employing thez
expansions (red squares); and previous electron scattering extractions (blue downward tri-
angles).

2.2.2 Analyticity and the z expansion

The z expansion [63, 64, 65, 66, 67, 68, 74, 73, 61, 69, 70] has become a standard tool
for examining mesonic amplitudes in a model-independent manner. This tool uses analytic
properties of amplitudes to isolate a small expansion parameter, z. Figure 6 illustrates how
amplitudes in the t = q2 expansion become almost linear in thez variable for the form factor
in the semileptonic decay process,B ! ! e" [74]. Ref. [43] has initiated the application
of the z expansion to baryon form factors; Fig. 7 illustrates the same phenomenon for the
electric form factor of the proton.

The proposal will make further use of thez expansion to address nucleon structure
questions, such as

¥ determine the electric charge radius, the magnetic charge radius, properly deÞned Zemach
moments and related quantities for the proton;

¥ constrain the shape of the axial-vector nucleon form factor.

9

- leaves signiÞcant discrepancy with 
muonic H extraction
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form-factor slope determination. For later use, the coefÞ-
cientsak! 1;2;3 extracted from the Þt forQ2

max ! 1 GeV2,
! ! 1, t0 ! 0, and kmax ! 8 are " 1:99# 0:13

" 0:12, 0:3# 1:5
" 1:9,

" 2# 9
" 6 for the isoscalar channel; and" 1:20# 0:06

" 0:05,
" 0:6# 1:3

" 1:2, " 2# 6
" 7 for the isovector channel. The sign and

approximate magnitude of the Þrst coefÞcients agree with
the "" continuum model, and the narrow-width! reso-
nance model mentioned in Sec.III D .

C. Raising the isovector threshold: inclusion of!! data

We can effectively raise the isovector threshold by in-
cluding the"" continuum explicitly, as constrained by""
production and"" ! N !N data:

G$1%
E $t% ! Gcut$t% #

X

k

akzk$t; tcut ! 16m2
" ; t0%; (32)

whereGcut$t%is generated by (21) for 4m2
" < t < 16m2

" .
For jF" $t%j we take the fourt values close to production
threshold from [26] (0:101to 0:178 GeV2), and 12t values
from [27] (0.185 to 0:314 GeV2). The product of the
remaining kinematic factor andf 1

# from [28] is interpo-
lated to the appropriatet value, and the integral computed
as a discrete sum. Using coarser bin size (e.g. 8 instead of
16 bins) has no signiÞcant effect, indicating that discreti-
zation error is small. Estimating the remaining coefÞcients
by modeling the"" continuum contribution for16m2

" &
t & 40m2

" using (15) and (21) at ! ! 1 andt0 ! 0 gives
coefÞcients a1 ' " 4:5, a2 ' 2:2, a3 ' 2:1. Setting
j sin$k#%j in (15) yields jakj & 5:0 for the remaining con-
tribution of the"" continuum in this model.

We Þt using the same proton and neutron data as in
Sec.IV B. The resulting Þt coefÞcientsak! 1;2;3 for Q2

max !
1 GeV2, ! ! 1, t0 ! 0, and kmax ! 8 are " 1:93$6%,
" 0:5# 1:1

" 1:3, 2 ( 7 for the isoscalar form factor; and

" 3:40# 0:09
" 0:10, 3:7# 1:7

" 1:3, 3# 5
" 10 for the isovector form factor.

The sign and approximate magnitude of the Þrst coefÞ-
cients agree with the remaining"" continuum model
discussed above in the isovector case; and with the!
pole model discussed at the end of Sec.III D for the
isoscalar case. The sizable contribution of the isovector
ak! 1 in this scheme can be traced to the residual effects of
the "" continuum, including the$ peak, near the higher
threshold. With no loss of model independence, we can
replaceGcut$t%above with a newGcut$t%generated by (21)
for 4m2

" < t < 40m2
" , i.e., with the"" continuum mod-

eled to largert. The valuetcut ! 16m2
" remains the same.

We emphasize that this does not introduce a model depen-
dence, as any discrepancy betweenGcut$t%and the true
"" continuum is accounted for by parameters in thez

TABLE III. The rms charge radius extracted using electron-proton and electron-neutron scattering data, and different schemes
presented in the text. The neutron form-factor slope is constrained using (31). A cut Q2

max ! 0:5 GeV2 is enforced. In the lower part of
the table, the bounds on

P
ka

2
k from TableII are multiplied by4. ! VMD and! OPE are deÞned in Eqs. (22) and (23).

kmax ! 2 3 4 5 6

! ! 1, t0 ! 0, jakj & 10 888# 5
" 5 865# 11

" 11 888# 17
" 22 882# 21

" 22 878# 20
" 19

%2 ! 33:67 23.65 21.80 21.13 20.47

! ! 1, t0 ! 0, jakj & 5 888# 5
" 5 865# 11

" 11 881# 10
" 16 885# 16

" 21 882# 18
" 20

%2 ! 33:67 23.65 21.95 21.46 21.06

! ! ! VMD , t0 ! 0, jakj & 10 865# 6
" 6 874# 12

" 13 884# 23
" 24 879# 24

# 22 877# 22
" 20

%2 ! 23:26 22.50 22.15 21.59 21.09

! ! 1, t0 ! 0 888# 5
" 5 865# 11

" 11 880# 13
" 16 882# 14
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FIG. 4. Variation of the Þtted proton charge radius as a func-
tion of maximumQ2. Fits were performed including proton data,
neutron data, and the"" continuum contribution to the isovector
spectral function, as detailed in the text. Fits were performed
with kmax ! 8, ! ! 1, t0 ! 0, jakj & 10.
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113005-7

Investigate scheme dependence: no signiÞcant effect

Concern: radiative corrections.  
- Need more data on electron-proton vs. positron-proton 
- Alternatively, extract from electronic hydrogen 
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NRQED part (2): two-photon exchange

- to reproduce large momentum regions, include four-
fermion counterterms 

(1): (2): (3):

(4): (5): (6):

(7): (8): (9):

Figure 3: NRQED diagrams for two-photon exchange matching.
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We have closed the contour above in performing theL0 integration.
For the interactions with cD (which we set to 1 for now), there are four diagrams, given

by inserting #L2 into the integral for (1),

(2) = ! ie2
µe2
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For the kinetic energy correction,
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and adding the insertion on the proton line,
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p
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The ÓdipoleÓ interaction iterated with Coulomb gives

(5) = 2
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- perform matching at a convenient point, e.g. all external 
particles onshell, at rest: hadronic part is forward 
Compton amplitude

k

q q

k

+

k

q q

k
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forward Compton amplitude

- QCD input summarized by amplitudes 
of forward scattering

- four invariant functions of photon energy *  and invariant Q2: 
two spin-independent, two spin-dependent

- in DIS, just interested in imaginary part, but here need the 
whole thing

k

q q

kW µ ! (q, k) = i
!

d4x eiq áx !proton(k, s)|T{ J µ (x)J ! (0)}| proton(k, s)"

= øus(k)
" #

# gµ ! +
qµ q!

q2

$
W1(! , Q2) +

#
kµ #

k áq
q2 qµ

$ #
k! #

k áq
q2 q!

$
W2(! , Q2)

+ H1(! , Q2)
%

[" ! , q/ ]kµ # [" µ , q/ ]k! + [ " µ , " ! ]k áq
&

+ H2(! , Q2)
%

[" ! , q/ ]qµ # [" µ , q/ ]q! + [ " µ , " ! ]q2&
'

us(k)
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dispersion relations for forward amplitudes 

W2(! , Q2) =
1
"

! !

0
d! "2 ImW2(! ", Q2)

! "2 ! ! 2 = W proton
2 (! , Q2) +

1
"

! !

! 2
cut

d! "2 ImW2(! ", Q2)
! "2 ! ! 2

onshell proton form factors
inelastic cross section

<z determined by measurable quantities

what if the dispersion integral doesnÕt converge? 

W1(! , Q2) = W1(0, Q2) +
! 2

"

! !

! 2
cut

d! "2 ImW1(! ", Q2)
! "2(! "2 ! ! 2)

?? DIS structure function
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dispersion relation with subtraction:

- W1(* ,Q2) not determined by imaginary part

- no intrinsic meaning to Òproton contributionÓ and Ònon-
proton contributionÓ to W1(0,Q2)

- can analyze at low momentum using NRQED: double 
scattering of proton off external static electromagnetic 
Þeld

W1(! , Q2) = W1(0, Q2) +
! 2

"

! !

! 2
cut

d! "2 ImW1(! ", Q2)
! "2(! "2 ! ! 2)
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having determined the Wilson coefÞcients from data, Þnd 
the leading behavior of W1(0,Q2) at small Q2:

W1(0, Q2) = 2( ! 1 + cF
2) +

Q2

2M 2
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2 ! 2cF cW 1 + 2cM + cA 1
"

+ . . .
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2(0) + M 3 4!

e2
ø"
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+ . . .

" 14 +
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OPE expansion at large Q2:
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4M 2
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e2
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f " f Tf
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!
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qf |P(k )# $ 2A(2)
f

!
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1
4

gµ! M 2
"

!P(k )|mf øqf qf |P(k )# $ 2M 2f Tf

How do we interpolate ? 
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- assumes ad hoc separation into ÒprotonÓ versus Ònon-
protonÓ states, and assigns form factors to the former

- wrong behavior at large Q2 ( 1/Q6 instead of 1/Q2 )

Previous analyses use ansatz of ÒprotonÓ + Ònon-protonÓ

W1(0, Q2) = 2( ! 1 + cF
2) +

Q2

2M 2

!
cF

2 ! 2cF cW 1 + 2cM + cA 1
"

+ . . .

= 2ap(2 + ap) +
Q2

2M 2

#
! 8apF !

1(0) ! 8(1 + ap)F !
2(0) + M 3 4!

e2
ø"
$

+ . . .{
2F2(! Q2)[2F1(! Q2) + F2(! Q2)]

{

e.g. Pachucki 1999

4!
e2

ø"
MQ 2

2
1

!
1 + Q2/ 0.71 GeV2"4
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This ansatz fails dramatically for experimentally accessible 
spin-dependent structure function

and x0 corresponds to the pion production threshold. Other sum rules can be deÞned involving also
the structure function G2 as the so-called Burkhardt-Cottingham sum rule [302]. Expanding the V 2CS
structure functions at low energies! , that is around ! = 0, one has for example

øS(0)
1 (0, Q2) =

4e2

m2
I 1(Q2) , (98)

where øS(0)
1 (0, Q2) is the Þrst constant term in the expansion ofS1 and the bar means that the elastic

contribution (nucleon pole term) has been subtracted. For the relations of the other structure functions
see [303]. Two other interesting quantities as mentioned above are the following combinations of GPs,
the forward spin polarizability " 0 and the longitudinal-transverse polarizability#0. They are deÞned
and given by:
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They involve an extra 1/ ! 2 weighting compared to the Þrst moments so that they have the experimental
advantage that the uncertainty due to the unmeasured regionat large ! is minimized.

The two spin structure functionsS(1,2) have been calculated within HBCHPT [304Ð306] and to fourth
order (one loop) in the IR regularization [303, 307]. At thisorder no unknown low-energy constants
appear and thus parameter-free predictions are obtained. It is, however, well-known that the excitation
of the ! (1232) plays a signiÞcant role in the spin sector of the nucleon. A Þrst attempt to include the
! explicitly has thus been done in [303]. There the relativistic Born graphs were calculated in order to
get an estimate of the contribution of this resonance. In order to take into account the fact that the
! # N " transition occurs at ÞniteQ2 the possibility of introducing a transition form factor G! N ! (Q2)
as extracted from pion electroproduction in the! (1232)-resonance region [308] was also studied in that
reference. A less pronounced though important resonance contribution is related to the vector mesons.
These were thus also included in [303].
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This ansatz fails dramatically for experimentally accessible 
spin-dependent structure function

SIFF (sticking in form factors) ansatz

and x0 corresponds to the pion production threshold. Other sum rules can be deÞned involving also
the structure function G2 as the so-called Burkhardt-Cottingham sum rule [302]. Expanding the V 2CS
structure functions at low energies! , that is around ! = 0, one has for example

øS(0)
1 (0, Q2) =

4e2

m2
I 1(Q2) , (98)

where øS(0)
1 (0, Q2) is the Þrst constant term in the expansion ofS1 and the bar means that the elastic

contribution (nucleon pole term) has been subtracted. For the relations of the other structure functions
see [303]. Two other interesting quantities as mentioned above are the following combinations of GPs,
the forward spin polarizability " 0 and the longitudinal-transverse polarizability#0. They are deÞned
and given by:

" 0(Q2) !
1

4$2

!
d!
! 3

(1 " x)(%1/ 2(! , 0) " %3/ 2(! , 0)) =
1

8$

"
øS(2)

1 (0, Q2) "
Q2

m
øS(3)

2 (0, Q2)
#

, (99)

#0(Q2) !
1

2$2

!
d!
! 3

(1 " x) lim
Q2! 0

$ !
Q

(%1/ 2(! , 0)
%

=
1

8$

$
øS(2)

1 (0, Q2) + øS(1)
2 (0, Q2)

%
.

They involve an extra 1/ ! 2 weighting compared to the Þrst moments so that they have the experimental
advantage that the uncertainty due to the unmeasured regionat large ! is minimized.

The two spin structure functionsS(1,2) have been calculated within HBCHPT [304Ð306] and to fourth
order (one loop) in the IR regularization [303, 307]. At thisorder no unknown low-energy constants
appear and thus parameter-free predictions are obtained. It is, however, well-known that the excitation
of the ! (1232) plays a signiÞcant role in the spin sector of the nucleon. A Þrst attempt to include the
! explicitly has thus been done in [303]. There the relativistic Born graphs were calculated in order to
get an estimate of the contribution of this resonance. In order to take into account the fact that the
! # N " transition occurs at ÞniteQ2 the possibility of introducing a transition form factor G! N ! (Q2)
as extracted from pion electroproduction in the! (1232)-resonance region [308] was also studied in that
reference. A less pronounced though important resonance contribution is related to the vector mesons.
These were thus also included in [303].
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et al. [304] and Bernard et al. [303]. Right panel: neutron generalized spin polarizabilities" 0 and #LT .
The dashed lines are the HBCHPT calculation by [306]. Figurecourtesy of A. Deur.
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- model independently, in small lepton mass limit, 2-photon 
contribution to energy is

! E(nS) = ( Z ! )5 m3
r

" n3

me

mp

!
logme

"
m3

p
4"
e2

#
5ø! ! ø#

$
! 3a2

p

%
+ c0 + c1me + . . .

&

- unfortunately, m#/m!  ,  m#/(m+-mp) not small

universal hadronic parameters

"  proposal for #+p, #-p scattering (PSI, Gilman,  Piasetzky et al)

Note that low energy #p scattering, including radiative 
corrections, is predicted by NRQED: sufÞcient data can 
determine d2 
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4

Contribution Ref. [20] Ref. [23] This work

! E vertex ! 0.0099 ! 0.0096 ! 0.0108

! E proton
µH ! 0.016

! E two ! ! ! E W 1 (0 ,Q 2 )
µH 0.035 0.051 Model Dependent

! E continuum
µH 0.013 [19]

Total 0.025 0.042

TABLE I: Comparison between this and previous works for
O(" 5) proton structure corrections to the 2 P ! 2S Lamb shift
in muonic hydrogen, in meV.

The sum of the proton pole andW1(0, Q2) contributions
in this model, 0.016 meV! 0.034 meV = ! 0.018 meV,
reproduces previous results [22]. It is not hard to con-
struct model functions for W1(0, Q2) that have the cor-
rect small-Q2 and large-Q2 behavior, but give a much
larger contribution than the SIFF model.
Comparison to previous results. In order to make the
comparison to the literature clearer, we collect the re-
sults of this analysis in Table I, which compares numeri-
cal results for O(! 5) proton structure corrections in the
2P ! 2S Lamb shift of muonic hydrogen. We focus on
the two reference sources that were used in [2], namely

[20] and [23]. These works model"E W 1 (0 ,Q 2 )
µH as a sum

of proton and non-proton contributions, adding the re-
spective terms to "E proton

µH and "E continuum
µH . In order to

simplify the comparison we present in the table the total
contribution to "E two ! !

µH from [20] and [23]. In partic-
ular for [20] we add the (Z ! )5 nuclear size correction
(0.0232 meV) and the proton polarizability correction
(0.012 meV). For [23] we add the (Z ! )5 nuclear size cor-
rection (0.0232 meV), the polarizability correction (0.015
meV), and the recoil Þnite size correction (0.013 meV).
In [2] the nuclear size correction at order (Z ! )5 from [20]
and [23] employs the SIFF ansatz (12) forW1(0, Q2); the
(r p

E )3 scaling employed in [2] assumes the largemp limit
and a one-parameter model forGE and GM .

Let us note three di! erences between our results and
the theoretical predictions used in [2], and collected
in Table I. First, the ! 5 proton vertex correction
from [20, 22] uses a di! erent convention for the charge
radius[31], while the result from [25], adopted in [23],
uses a model-dependent SIFF prescription for the proton
vertex correction; the complete result with the charge ra-
dius deÞnition (4) is given by (13), displayed in the Þrst
line of the table. Second, the Òrecoil Þnite sizeÓ of [23],
adopted from [26], is in fact part of "E two ! !

µH . Including it
as separate contribution would lead to double counting.
Third, the "E W 1 (0 ,Q 2 )

µH contribution is model-dependent;
the current theoretical prediction is based on the SIFF
ansatz. We conclude that the dominant radiative correc-
tion to proton structure is subject to uncertainties from
unreliable hadronic models.
Discussion. We have presented the NRQED formalism

for systematically analyzing proton structure e! ects in
hydrogenic bound states. The Lamb shift in muonic hy-
drogen is sensitive to a new structure-dependent contact
interaction (2). The strength of this interaction is not
determined by measured proton form factors or inelas-
tic structure functions. Taking all other contributions
as Þxed, the muonic hydrogen Lamb shift determinesd2

in (2). NRQED then predicts a universal shift for other
spin-independent energy splittings in muonic hydrogen.

The strength of the contact interaction can be related
to a so-far poorly constrained piece of the forward Comp-
ton amplitude of the proton, W1(0, Q2). In this Letter,
we have established some model-independent properties
of W1(0, Q2). Firstly, the O(Q2) Taylor expansion (11)
is determined by NRQED in terms of measured quanti-
ties; secondly, the asymptotic behavior is determined by
OPE techniques to be" Q! 2. The intermediate region
remains poorly constrained [32]. The lack of theoretical
control over W1(0, Q2) introduces theoretical uncertain-
ties that have not been taken into account in the liter-
ature. A common approach is to use the SIFF model
(12), but this is not derived from Þrst principles and
gives the misleading impression that the dominantQ2 de-
pendence is constrained by onshell form factors [19, 20].
Such extrapolations represent models forW1(0, Q2), typ-
ically without the correct large Q2 behavior. While we
do not attempt an explicit modeling of W1(0, Q2), we
believe that the uncertainty assigned to this contribu-
tion ( ! 0.004 meV [2]) is underestimated by at least an
order of magnitude.

As further applications, the nonrelativistic e! ective
theory for vector Þelds can similarly be employed to
describe deuterium. The NRQED lagrangian at order
1/M 4 can be used to systematically analyze"E two ! ! in
the small-lepton mass limit relevant to electronic hydro-
gen, and describes spin polarizabilities of the proton [17].
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Pohl et al compilation
(Nature 2010)

RJH, Paz reason for change

vertex correction -0.0096 meV -0.0108 mismatch in r 
deÞnitions

two photon (d2) 0.051 ? 
~ 0.05 +/- 0.05

model dependent 

Òrecoil Þnite sizeÓ 0.013 0 double counting

total 210.0011(45)
-5.2262r2

209.987(50)
-5.2262 r2

extracted radius 0.8421(6) fm 0.841(6) fm

H CODATA06 0.876(8) 4.2$ 3.5$

e-p 
scatteirng

Sick 2005 0.895(18) 2.9$ 2.8$

JLab 2011 0.875(10) 3.3$ 2.9$

Mainz 0.879(8) 4.6$ 3.8$

H and e-p CODATA10 0.8775(51) 6.9$ 4.6$

ep 0.870(26) 1.1$ 1.1$

ep, en 0.880(20) 1.9$ 1.9$

ep, en, ppNN 0.871(10) 2.9$ 2.6$

Investigate the impact of modiÞed structure corrections and 
larger uncertainty on the two-photon exchange contribution
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Summary

"  z expansion provides model independent extrapolation for radius determination from 
scattering data

     - analysis should/will be implemented with most recent scattering data
     - NRQED can be used to eliminate model dependence in radiative corrections at 
low energy

"  NRQED analysis of proton structure for hydrogenic bound states
     - model independent translation between scattering and bound state observables  
     - model-dependent assumptions in previous analyses  
     - possibility of signiÞcant new effects in contact interaction describing two-photon 
exchange
     - can measure strength of this contact interaction directly in muon-proton scattering

30

The proton radius is still a puzzle.   
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"  most mundane resolution may be ~5$  shift in Rydberg (less mundane resolutions 
postulated)
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built a new beam-line for low-energy negative muons (, 5 keV kinetic
energy) that yields an order of magnitude more muon stops in a small
low-density gas volume than a conventional muon beam17. Slowm2

enter a 5 T solenoid and are detected in two transmission muon
detectors (sketched in Fig. 2 and described in Methods), generating
a trigger for the pulsed laser system.

The muons are stopped in H2 gas at 1 hPa, whereby highly excited
mpatoms (n< 14) are formed18. Most of these de-excite quickly to the
1S ground state19, but, 1% populate the long-lived 2S state20(Fig. 1a).
A short laser pulse with a wavelength tunable aroundl < 6mm enters
the mirror cavity21 surrounding the target gas volume, about 0.9ms
after the muon stop. 2SR 2P transitions are induced on resonance
(Fig. 1b), immediately followed by 2PR 1S de-excitation via emission
of a 1.9 keV X-ray (lifetimet 2P5 8.5 ps). A resonance curve is
obtained by measuring at different laser wavelengths the number of
1.9 keV X-rays that occur in time-coincidence with the laser pulse. The
laser fluence of 6 mJ cm2 2 results in a 2SÐ2P transition probability on
resonance of about 30%.

The lifetime of themp2S state,t 2S, is crucial for this experiment. In
the absence of collisions,t 2Swould be equal to the muon lifetime of
2.2ms. In H2 gas, however, the 2S state is collisionally quenched, so
that t 2S< 1ms at our H2 gas pressure of 1 hPa (ref. 20). This pressure
is a trade-off between maximizingt 2Sand minimizing the muon stop

volume (length/ 1/pressure) and therefore the laser pulse energy
required to drive the 2SÐ2P transition.

The design of the laser (Fig. 3 and Methods) is dictated by the need
for tunable light output within t 2S after a random trigger by an
incoming muon with a rate of about 400 s2 1. The continuous wave
(c.w.) light at l < 708 nm of a tunable Ti:sapphire laser is pulse-
amplified by frequency-doubled light from a c.w.-pumped Yb:YAG
disk laser22,23. The c.w. Ti:sapphire laser is locked to a FabryÐPerot
cavity with a free spectral range (FSR) of 1,497.332(3) MHz. The
pulsed light24,25is shifted tol < 6mm by three sequential vibrational
Stokes shifts in a Raman cell26 filled with H2.

Tuning the c.w. Ti:sapphire laser atl < 708 nm by a frequency
differenceDnresults in the sameDndetuning of the 6mm light after
the Raman cell. During the search for the resonance, we scanned the
laser in steps of typically 6 FSR< 9 GHz, not to miss the 18.6-GHz-
wide resonance line. The final resonance scan was performed in steps
of 2 FSR. For the absolute frequency calibration, we recorded several
absorption spectra of water vapour atl < 6mm, thereby eliminating
possible systematic shifts originating from the Ti:sapphire laser or the
Raman process. By H2O absorption, we also determined the laser
bandwidth of 1.75(25) GHz at 6mm.

For every laser frequency, an accumulated time spectrum of Ka

events was recorded using large-area avalanche photo-diodes27

(LAAPDs). Their typical time and energy resolutions for 1.9 keV
X-rays are 35 ns and 25% (full-width at half maximum), respectively.
The resulting X-ray time spectra are shown for laser frequencies on
and off resonance in Fig. 4. The large ÔpromptÕ peak contains the
, 99% of the muons that do not form metastablemp(2S) atoms
and proceed directly to the 1S ground state (Fig. 1a). This peak helps
to normalize the data for each laser wavelength to the number ofmp
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Figure 1| Energy levels, cascade and experimental principle in muonic
hydrogen. a, About 99% of the muons proceed directly to the 1S ground
state during the muonic cascade, emitting ÔpromptÕ K-series X-rays (blue).
1% remain in the metastable 2S state (red).b, Themp(2S) atoms are
illuminated by a laser pulse (green) at ÔdelayedÕ times. If the laser is on
resonance, delayed Ka X-rays are observed (red).c, Vacuum polarization
dominates the Lamb shift inmp. The protonÕs finite size effect on the 2S state
is large. The green arrow indicates the observed laser transition atl 5 6mm.

PM3
PM2

PM1 H2 target

! Ð

Laser pulse

eÐ

10 cm
E" B

eÐ
S1

S2 Multipass cavity

Figure 2 | Muon beam. Muons (blue) entering the final stage of the muon
beam line pass two stacks of ultra-thin carbon foils (S1, S2). The released
electrons (red) are separated from the slower muons byE3 B drift in an
electric fieldEapplied perpendicularly to theB5 5 T magnetic field and are
detected in plastic scintillators read out by photomultiplier tubes (PM1Ð3).
The muon stop volume is evenly illuminated by the laser light using a
multipass cavity.
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Figure 3 | Laser system. The c.w. light of the Ti:sapphire (Ti:Sa) ring laser
(top right) is used to seed the pulsed Ti:sapphire oscillator (Ôosc.Õ; middle). A
detected muon triggers the Yb:YAG thin-disk lasers (top left). After second
harmonic generation (SHG), this light pumps the pulsed Ti:Sa oscillator and
amplifier (Ôamp.Õ; middle) which emits 5 ns short pulses at the wavelength
given by the c.w. Ti:Sa laser. These short pulses are shifted to the required
l < 6mm via three sequential Stokes shifts in the Raman cell (bottom). The
c.w. Ti:Sa is permanently locked to a I2/Cs calibrated Fabry-Perot reference
cavity (FP). Frequency calibration is always performed atl 5 6mm using
H2O absorption. See Online Methods for details.
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atoms formed. The measurement times varied between 3 and 13 h per
laser wavelength. The 75-ns-long laser time window, in which the
laser induced Ka events are expected, is indicated in Fig. 4. We have
recorded a rate of 7 events per hour in the laser time window when on
resonance. The background of about 1 event per hour originates
mainly from falsely identified muon-decay electrons and effects
related to delayed muon transfer to target walls.

Figure 5 shows the measured 2SÐ2P resonance curve. It is obtained
by plotting the number of Ka events recorded in the laser time window,
normalized to thenumber ofevents in the prompt peak, as a functionof
the laser frequency. In total, we have measured 550 events in the res-
onance, where we expect 155 background events. The fit to the data is a
Lorentzian resonance line on top of a flat background. All four para-
meters (Lorentzian amplitude, position and width, as well as back-
ground amplitude) were varied freely. A maximum likelihood fit
using CERNÕs ROOT analysis tool accounted for the statistics at each
laser wavelength. Our statistical uncertainties are the 1s confidence
intervals.

We obtain a centroid position of 49,881.88(70) GHz, and a width of
18.0(2.2) GHz, where the given uncertainties are the 1 s.d. statistical
uncertainties. The width compares well with the value of 20(1) GHz
expected from the laser bandwidth and Doppler- and power-broad-
ening of the natural line width of 18.6 GHz. The resulting background
amplitude agrees with the one obtained by a fit to data recorded
without laser (not shown). We obtain a value ofx25 28.1 for 28
degrees of freedom (d.f.). A fit of a flat line, assuming no resonance,
givesx25 283 for 31 d.f., making this resonance line 16s significant.

The systematic uncertainty of our measurement is 300 MHz. It
originates exclusively from our laser wavelength calibration proced-
ure. We have calibrated our line position in 21 measurements of 5
different water vapour absorption lines in the rangel 5 5.49Ð6.01mm.
The positions of these water lines are known28to an absolute precision
of 1 MHz and are tabulated in the HITRAN database29. The measured
relativespacing between the 5 lines agreeswith thepublished ones.One
such measurement of a water vapour absorption line is shown in Fig. 5.
Our quoted uncertainty of 300 MHz comes from pulse to pulse fluc-
tuations and a broadening effect occurring in the Raman process. The
FSR of the reference FabryÐPerot cavity does not contribute, as the FSR
is known better than 3 kHz and the whole scanned range is within 70
FSR of the water line. Other systematic corrections we have considered
are Zeeman shift in the 5 T field (, 30 MHz), a.c. and d.c. Stark shifts
(, 1 MHz), Doppler shift (, 1 MHz) and pressure shift (, 2 MHz).
Molecular effects do not influence our resonance position because
the formed muonic moleculesppm1 are known to de-excite quickly30

and do not contribute to our observed signal. Also, the width of our
resonance line agrees with the expected width, whereas molecular lines
would be wider.

The centroid position of the 2SF~ 1
1=2 { 2PF~ 2

3=2 transition is
49,881.88(76) GHz, where the uncertainty is the quadratic sum of
the statistical (0.70 GHz) and the systematic (0.30 GHz) uncertainties.
This frequency corresponds to an energy ofDE÷5 206.2949(32) meV.
From equation (1), we deduce an r.m.s. proton charge radius of
rp 5 0.84184(36)(56) fm, where the first and second uncertainties ori-
ginate respectively from the experimental uncertainty of 0.76 GHz and
the uncertainty in the first term in equation (1). Theory, and here
mainly the proton polarizability term, gives the dominant contri-
bution to our total relative uncertainty of 83 102 4. Our experimental
precision would suffice to deducerp to 43 102 4.

This new value of the proton radiusrp 5 0.84184(67) fm is 10 times
more precise, but 5.0s smaller, than the previous world average3,
which is mainly inferred from H spectroscopy. It is 26 times more
accurate, but 3.1s smaller, than the accepted hydrogen-independent
value extracted from electronÐproton scattering1,2. The origin of this
large discrepancy is not known.

If we assume some QED contributions inmp (equation (1)) were
wrong or missing, an additional term as large as 0.31 meV would be
required to match our measurement with the CODATA value ofrp.
We note that 0.31 meV is 64 times the claimed uncertainty of equation
(1).

The CODATA determination ofrp canbeseen in asimplified picture
as adjusting the input parametersrp andRÔ(the Rydberg constant) to
match the QED calculations8 to the measured transition frequencies4Ð7

in H: 1SÐ2S on the one hand, and 2S{ nÔnÔ~ 2P,4,6,8S=D,12D! " on
the other.

The 1SÐ2S transition in H has been measured3Ð5to 34 Hz, that is,
1.43 102 14 relative accuracy. Only an error of about 1,700 times the
quoted experimental uncertainty could account for our observed dis-
crepancy. The 2S{ nÔtransitions have been measured to accuracies
between 1/100 (2SÐ8D) (refs 6, 7) and 1/10,000 (2S1/2Ð2P1/2 Lamb
shift31) of the respective line widths. In principle, such an accuracy
could make these data subject to unknown systematic shifts. We note,
however, that all of the (2S{ nÔ) measurements (for a list, see, for
example, table XII in ref. 3) suggest a larger proton charge radius.
Finally, the origin of the discrepancy with the H data could originate
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the RFG model with free parameter! b yields the value, without an assumption on the value
of mA , (for Q2

max = 1.0 GeV2, kmax = 7)

! b = 28 ± 3 MeV, (22)

where the result is insensitive to the choice of bound,|ak | ! 5 or |ak | ! 10.4 While the data
do not appear to favor signiÞcantly higher values of! b, we note that for ! b = 34 MeV [3], the
result (21) becomesmA (! b = 34 MeV) = 1 .05+0 .45

! 0.18 ± 0.12, compared tomdipole
A (! b = 34 MeV) =

1.44± 0.05.
We have performed Þts at di! erent values of the parametert0, Þnding no signiÞcant devia-

tion in the results. The results do not depend strongly on the precise value of the bound (e.g.
|ak | ! 5 versus|ak| ! 10). Similar to [9], we conclude that the estimation of shape uncer-
tainty in (21) should be conservative. The Þt (21) yields coe" cients5 a0 " FA (0) = # 1.269,
a1 = 2.9+1 .1

! 1.0, a2 = # 8+6
! 3. These values are in accordance with our assumption of order-unity

coe" cient bounds. As discussed in the Introduction, current experiments do not signiÞcantly
constrain shape parameters beyond the linear term,a1.
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Figure 3: Comparison of the axial-vector form factorFA as extracted using thez expansion
(green diamonds) and dipole ansatz (red circles).

Figure 3 compares the form factor extraction resulting from thez expansion Þt to the
extraction from the dipole Þt. Here we takeQ2

max = 1.0 GeV2, kmax = 7 and |ak| ! 10 for the
z Þt. The dipole Þt assumesmdipole

A = 1.29± 0.05 GeV.

4 Comparison to charged pion electroproduction

The axial-vector component of the weak current deÞningFA (q2) in (3) can also be probed in
pion electroproduction measurements. The electric dipole amplitudefor threshold charged-

4Using a dipole ansatz forQ2
max = 1 .0 GeV2 without Þxing mdipole

A yields ! b = 22 ± 7 MeV.
5For this purpose we takekmax = 7 in (9) and enforce |ak | ! 10 for k $ 3.

8

Aside: similar analysis for axial radius of relevance to 
neutrino scattering

We note that Q2
rec coincides withQ2

rec used by K2K in the limit ! b ! 0 [1], and with Q2
QE used

by MiniBooNE in the limit ! b ! 0 and equal proton and neutron masses [3]. For simplicity
we have chosen to make the cut independent of the binding energy used in the nuclear model.
We emphasize that this choice is used simply to deÞne the subset of data to be analyzed, and
does introduce theoretical uncertainty in the numerical results.
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Figure 2: Extracted value ofmA versusQ2
max . Dipole model results formdipole

A are shown by
the red circles;z expansion results with|ak | " 5 are shown by the blue squares,z expansion
results with |ak| " 10 are shown by the green diamonds.

Our results are displayed in Fig. 2, where we compare extractions ofmdipole
A in the dipole

ansatz (2) with extractions ofmA employing thez expansion (9). We present results for data
with Q2

rec " Q2
max, whereQ2

rec is deÞned in (19) andQ2
max = 0.1, 0.2, . . . , 1.0 GeV2. We study

two di! erent coe" cient bounds,|ak| " 5 and |ak| " 10. For deÞniteness we have truncated
the sum in (9) at kmax = 7, but have checked that the results do not change signiÞcantly
if higher orders are included. As Fig. 2 illustrates, thez expansion results lie systematically
below results assuming the dipole ansatz. In contrast to results from the one-parameter dipole
ansatz, high-Q2 data have relatively small impact on the model-independent determination of
mA . Taking for deÞnitenessQ2

max = 1.0 GeV2, we Þnd

mA = 0.85+0 .22
! 0.07 ± 0.09 GeV (neutrino scattering), (21)

where the Þrst error is experimental, using the Þt with|ak| " 5, and the second error represents
residual form factor shape uncertainty, taken as the maximum change of the 1" interval when
the bound is increased to|ak| " 10. As a comparison, a Þt assuming the dipole form factor,
and the sameQ2

max yields mdipole
A = 1.29± 0.05 GeV.3

It is not our purpose in this paper to investigate in detail the additional uncertainty that
should be assigned to (21) due to nuclear e! ects. We note that a Þtof the MiniBooNE data to

3A dipole Þt including the entire dataset without a cut on Q2
rec yields mdipole

A = 1 .28+0 .03
! 0.04.
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the RFG model with free parameter! b yields the value, without an assumption on the value
of mA , (for Q2

max = 1.0 GeV2, kmax = 7)

! b = 28 ± 3 MeV, (22)

where the result is insensitive to the choice of bound,|ak | ! 5 or |ak | ! 10.4 While the data
do not appear to favor signiÞcantly higher values of! b, we note that for ! b = 34 MeV [3], the
result (21) becomesmA (! b = 34 MeV) = 1 .05+0 .45

! 0.18 ± 0.12, compared tomdipole
A (! b = 34 MeV) =

1.44± 0.05.
We have performed Þts at di! erent values of the parametert0, Þnding no signiÞcant devia-

tion in the results. The results do not depend strongly on the precise value of the bound (e.g.
|ak | ! 5 versus|ak| ! 10). Similar to [9], we conclude that the estimation of shape uncer-
tainty in (21) should be conservative. The Þt (21) yields coe" cients5 a0 " FA (0) = # 1.269,
a1 = 2.9+1 .1

! 1.0, a2 = # 8+6
! 3. These values are in accordance with our assumption of order-unity

coe" cient bounds. As discussed in the Introduction, current experiments do not signiÞcantly
constrain shape parameters beyond the linear term,a1.

4 Comparison to charged pion electroproduction
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Figure 3: Extraction of mA using charged pion electroproduction measurements, in the dipole
ansatz and in thez expansion. Datasets are as described in the text. Dipole results are shown
as the red circles, andz expansion results with|ak| ! 5 are shown as the blue squares.

The axial-vector component of the weak current deÞningFA (q2) in (3) can also be probed
in pion electroproduction measurements. The electric dipole amplitude for threshold charged-
pion electroproduction obeys a low-energy theorem in the chiral limitrelating this amplitude

4Using a dipole ansatz forQ2
max = 1 .0 GeV2 without Þxing mdipole

A yields ! b = 22 ± 7 MeV.
5For this purpose we takekmax = 7 in (9) and enforce |ak | ! 10 for k $ 3.
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Figure 4: Extraction of mA using charged pion electroproduction measurements, in the dipole
ansatz and in thez expansion. Datasets are as described in the text. Dipole results are shown
as the red circles, andz expansion results with|ak| ! 5 are shown as the blue squares.

pion electroproduction obeys a low-energy theorem in the chiral limitrelating this amplitude
to the axial-vector form factor of the nucleon [19]. After applying chiral corrections, such
measurements can thus in principle be used to determinemA . Data for this process have
been interpreted in the context of the dipole ansatz (2). We foundthat the dipole assumption
can strongly bias extractions ofmA in neutrino scattering measurements. In order to gauge
whether the same statement is true for the electroproduction data, let us apply thez expansion
to extract mA from the inferred FA (q2) values for an illustrative dataset, taken from Refs. [20,
21, 22, 23, 24]. We have selected datasets that appear in the compilation [6] (cf. Figure 1 of that
reference), and that also explicitly list inferred values ofFA (q2) (see also [25, 26, 27, 28, 29]).
Figure 4 displays extractions ofmA in both the z expansion and the dipole ansatz (2) for each
of the Þve datasets.6 For the larger bound|ak| ! 10, the slope ofFA (q2) is not constrained to
be positive by each individual dataset, and we display only the result for |ak | ! 5. Applying
the z expansion to the entire (17 point) dataset, we Þnd

mA = 0.92+0 .12
! 0.13 ± 0.08 GeV (electroproduction), (23)

where the errors are experimental, and from residual shape uncertainty, as in (21). In contrast,
a Þt of the same data to the dipole ansatz yieldsmdipole

A = 1.00± 0.02 GeV. These averages
are also displayed in the Þgure. We emphasize that our chosen dataset is not exhaustive We
have not attempted to address questions such as correlations between di! erent datasets, or

6For deÞniteness, where necessary we have chosen one amongst di! erent models for applied hard-pion cor-
rections: the BNR prescription [30] in [22, 23, 24], and the BNR prescription with Þrst form factor assumption
in [20] (ÒF! = F V

1 Ó in Table 2 of [20] ). We have combined the low-Q2 and high-Q2 data from [22] and [23] to
obtain the Daresbury(1975/1976) data point in Fig. 4.

9

uncertainties from model-dependent hard-pion corrections. We leave a more detailed treatment
to future work.

5 Summary

We have presented a model independent description of the axial-vector form factor of the
nucleon. This form factor plays a crucial role in neutrino quasielasticscattering at accelerator
energies, which is a basic signal process for neutrino oscillation studies, and is an important
ingredient in normalizing the neutrino ßux at detector locations. Recent tensions between
measurements in neutrino scattering at di! erent energies, and between neutrino scattering
and pion electroproduction measurements indicate a problem in our understanding of this
elementary process.

Several studies have tried to address these discrepancies. ModiÞed nuclear models [31, 32,
33] have been used to Þnd an axial mass close to the MiniBooNE result. Other nuclear models
include e! ects of multi-nucleon emission [34, 35, 36, 37, 38, 39], and have been reported
to obtain better agreement with the di! erential MiniBooNE data from [3]. One of these
studies [39] reports a dipole axial mass extracted from MiniBooNE data in agreement with
world averages from [6, 5]. Another group [40], modiÞes the magneticform factor GM for
nucleons bound in carbon but does not change the form factorsGE or FA . The assumption of
the dipole ansatz (2) is a crucial element in many of these studies.7 Our analysis shows that
this ansatz introduces a strong bias in measurements, which must be addressed in order to
disentangle nucleon-level interactions from nuclear e! ects.

Under the assumption of a deÞnite nuclear model (the RFG model, summarized in Ap-
pendix A, with parameter values as in Table 2), we extractmA as deÞned model-independently
in (5) from the di! erential MiniBooNE data [3]. The result is displayed in (21), mA =
0.85+0 .22

! 0.07 ± 0.09 GeV. This result may be contrasted with a Þt to an illustrative dataset for
pion electroproduction displayed in (23),mA = 0.92+0 .12

! 0.13 ± 0.08 GeV. These values may be
compared to Þts using the dipole ansatz (2):mdipole

A = 1.29± 0.05 GeV (neutrino scattering)
and mdipole

A = 1.00± 0.02 GeV (electroproduction). A discrepancy is apparent in the dipole
ansatz (2), but can be ascribed to the unjustiÞed and restrictiveassumption on the form fac-
tor shape. After gaining Þrm control over the nucleon-level amplitude, nuclear e! ects can be
robustly isolated. For example, in the context of the RFG model, we extract the result (22)
for the binding energy parameter! b.

The axial mass parameter, or equivalently, the axial radius (6), is afundamental parameter
of nucleon structure. The results (21),(23) can be expressed as

rA =
!

0.80+0 .07
! 0.17 ± 0.12 fm (neutrino scattering)

0.74+0 .12
! 0.09 ± 0.05 fm (electroproduction)

. (24)

More precise measurements in both neutrino scattering and pion electroproduction are nec-
essary to substantially reduce the errors onmA , or equivalently rA . This would be necessary

7 A parameterization that modiÞes the dipole behavior at largeQ2 is presented in [41].

10

mdipole
A = 1 .00± 0.02 GeV

[data from MiniBooNE, PRD81, 092005 
(2010)]

Using default nuclear model (relativistic fermi gas), discrepancy can be 
attributed to incorrect form factor assumption 
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